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ABSTRACT 



In this paper, we give a construction of p-brane solitons in all maximal supergravity theories in 
4 < D < 11 dimensions that are obtainable from D = 11 supergravity by dimensional reduction. 
We first obtain the full bosonic Lagrangians for all these theories in a formalism adapted to the 
p-brane soliton construction. The solutions that we consider involve one dilaton field and one 
antisymmetric tensor field strength, which are in general linear combinations of the basic fields 
of the supergravity theories. We also study the supersymmetry properties of the solutions by 
calculating the eigenvalues of the Bogomol'nyi matrices, which are derived from the commutators 
of the supercharges. We give an exhaustive list of the supersymmetric p-brane solutions using 
field strengths of all degrees n = 4,3,2,1, and the non-supersymmetric solutions for n = 4,3,2. 
As well as studying elementary and solitonic solutions, we also discuss dyonic solutions in D = 6 
and D = 4. In particular, we find that the Bogomol'nyi matrices for the supersymmetric massless 
dyonic solutions have indefinite signature. 
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1 Introduction 



Recent progress in the understanding of duality and the non-perturbative structure of string theories 
has emphasised the importance of solitonic string and p-brane solutions in the low-energy effective 
actions. It is therefore of interest to attempt to classify all such solutions. Our goal in this paper is 
to study p-brane solitons in all the maximal supergravities related to 11-dimensional supergravity 
or, equivalently, type IIA supergravity in 10 dimensions, by dimensional reduction. Starting from 
the 11-dimensional theory, whose bosonic sector comprises the vielbein and a 4-index antisymmetric 
tensor field strength, one obtains theories by dimensional reduction containing a vielbein, dilatonic 
scalar fields, and various n-index antisymmetric tensor field strengths F n with n = 1,2, 3, 4. The p- 
brane solutions we shall be considering are of the kind discussed in [1-9], and involve non- vanishing 
background values for the vielbein, a dilatonic scalar, and an n-index field strength. The dilatonic 
scalar and the field strength, which we shall refer to as the canonical dilaton and field strength, 
may be linear combinations of the original fields in the supergravity theory. The relevant part of 
the Z)-dimensional Lagrangian is given by 

£ = ei? _l eW )2__L e ^ j p2 (L1) 

We shall be focusing on isotropic p-brane solutions, for which the metric ansatz is given by 

ds 2 = e 2A dxVri^u + e 2B dy m dy m , (1.2) 

where (p = 0, . . . , d — 1) are the coordinates of the (d — l)-brane world volume, and y m are the 
coordinates of the {D — d) -dimensional tranverse space. The functions A and B, as well as the 
dilaton <f>, depend only on r = \Jy m y m . Thus the ansatz preserves an SO(l,d — 1) x SO(D — d) 
subgroup of the original SO(l,D — 1) Lorentz group. The constant a in the dilaton prefactor can 
be parametrised as |J 

2 * 2dd , . 

a=A -—2> (L3) 
where d = D — d — 2 and dd = (n — 1)(D — n — 1). In D = 11, the absence of a dilaton implies that 

A = 4. In fact this value occurs in the dilaton prefactors for all field strengths obtained simply 

by Kaluza-Klein dimensional reduction, since the reduction procedure always preserves the value 

of A ||. However, if the field strength F n used in a particular p-brane solution is formed from 

a linear combination of these original field strengths, then it will have a dilaton prefactor which, 

after setting the non-participating fields to zero, has A < 4. 

For each F n with n > 2, there are two different ansatze that also preserve the same subgroup, 

namely |, g 

c i y p 

Fr/ii—IJn-l = e /ii...A»n-l ( e ) or F mi mn = Xe mi ...m n p ^ n+1 i (1-4) 
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where a prime denotes a derivative with respect to r. The first case gives rise to an elementary 
(d— l)-brane with d = n— 1, and the second gives rise to a solitonic (d— l)-brane with d = D — n — 1. 
The solutions are given by [||] 

7 4d , Ad 

ds * = + s ^dx^r ?Mi/ +(l + 4) S ^rfrt m , 

where e = 1 and —1 for the elementary and the solitonic solutions respectively, and k = —\/ r AX/(2d). 
In the elementary case, the function C satisfies the equation 

e c = _(l + ^y) . 1.6 
y/A^ r dJ 

Note that the dual of the solution for the field strength in the elementary case is identical to the 
field strength of the solitonic case, and vice versa. For this reason, we shall only consider solutions 
for field strengths with n < D/2. 

So far we have discussed the solutions (|1.5|) for an n-form field strength with n > 1. When 



n = 1, and hence d = 0, one can only construct a solitonic solution, given by eqn. (1.5) with 
kr~ d — ► fclogr and d — ► 0. The solution ( |1.5| ) is also valid when n = 0, giving rise to a purely 
dilatonic (D — 2)-brane in D dimensions JlOj , pT[ , which we shall not consider in this paper. 

For a given value of n, the metrics of the elementary and solitonic p-brane solutions Ql.5| ) are 
characterised completely by the value of A. However, as we shall see later, inequivalent field- 
strength configurations can sometimes give rise to the same value of A. These solutions, although 
having the same value of A, break different fractions of the D = 11 supersymmetry. The purpose of 
this paper is to classify the possible p-brane solutions that can arise from a maximal supergravity 
theory in any dimension D according to their values of A and their field-strength configurations. 
We shall also examine the supersymmetry of these solutions. 

In dimensions D = 2n, the field strength F n can in principle use both the elementary and soli- 
tonic ansatze (0) simultaneously. In this case, the equations of motion reduce to two independent 
differential equations 

cf>" ~J- = \a{S\ - Si) , A" + n^ = j(Sf + 5 2 2 ) , (1.7) 
together with the relations B = —A, (e c )' = \ ie a <f>+ 2 ( n - 1 ) A r - n ; where Si and S2 are given by 

5i = \ ie \ a ^ n -^ A r - n , S 2 = A 2 e-i a ^ f(n - 1 ) J V n . (1.8) 

The equations ( |1.7| ) admit a simple solution either when a 2 = n — 1, given by 

e -^a4>-(n-l)A _ ^ _|_ _\j_ r -n+l e +\a4>-{n-l)A _ ^ _)_ A2 r ~n+l 

a\/2 ' a\/2 ' \ ' J 



or when a = 0, given by 



The former solution includes the dyonic strings in D = 6 that were found in ref. [12|, and the latter 
solution includes the self-dual string in D = 6 || . The dyonic solutions (|0]) and (|1.10| ) apply only 
to a 2 = n — 1 and a 2 = 0, and hence A = 2n — 2 and A = n — 1, respectively. In D = 8, 6 and 4 
dimensions, the values of A are {6,3}, {4,2} and {2, 1} respectively. Thus such a dyonic solution 
does not exist in maximal supergravity in D = 8 since the 4-form has A = 4. We shall see in the 
next section that such a dyonic solution is also excluded by consideration of the full set of field 



equations of the D = 8 supergravity theory. Note that the solution (1.9) becomes the standard 



elementary or solitonic solution (1.5) when A2 = or Ai = respectively. When Ai = A2, the 
solutions (1.9) and ( 1.10| ) are equivalent. 

The paper is organised as follows. In section 2, we obtain the complete bosonic Lagrangian 
of the maximal supergravities in lower dimensions via Kaluza-Klein dimensional reduction from 
D = 11. We do this in a formalism that distinguishes between the dilatonic scalar fields, which 
appear in exponential prefactors, and the 0-form potentials for 1-form field strengths. In section 
3, we first discuss the formalism for constructing p-brane solutions in the maximal supergravity 
theories. The supersymmetry properties of these solutions can be examined by constructing the 
appropriate Nester forms, which arise as the commutators of conserved supercharges. We obtain 
the Nester forms in lower dimensions from the Nester form in D = 11, by using the Kaluza-Klein 
procedure. We can read off the "Bogomol'nyi matrices" from these Nester forms. Zero eigenvalues 
of the the Bogomol'nyi matrix correspond to unbroken supersymmetries in the corresponding p- 
brane solutions. In sections 4, 5 and 6, we obtain the explicit p-brane solutions corresponding to the 
4-form, 3-form, 2-form and 1-form field strengths, and we discuss their supersymmetry properties. 
We present the conclusions in section 7. Details of the dimensionally-reduced bosonic Lagrangians 
can be found in an appendix. 



2 Kaluza-Klein dimensional reduction 

A convenient way of constructing the maximal supergravity theories in arbitrary dimensions is by 
starting from D = 11 supergravity and performing Kaluza-Klein dimensional reduction. Although 
one can directly reduce from 11 to D dimensions, there are advantages in carrying out the procedure 
step by step, descending through the dimensions one at a time. In this approach, it is easier to 
identify which of the scalar fields are "dilatonic," i.e. scalar fields that appear in the Lagrangian 
via exponential factors, as opposed to those that have constant shift symmetries, which should be 
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viewed as O-form potentials for 1-form field strengths. Thus the dimensional reduction procedure 
consists of an iterative application of the basic one-step reduction from (D + 1) to D dimensions. 
We denote the coordinates of the (D + l)-dimensional spacetime by x M = (x M ,z), where z is the 
coordinate of the extra dimension. The vielbein of the (D + l)-dimensional spacetime is then given 
by e A = e aip e A and e- = e -( D ~ 2 ) ai P (d z _|_ _4) ; where e A is the vielbein in (D + 1) dimensions. In 
terms of components, e A M is given by 

-A _ aip A zz _ -(D-2)atp a 

e M — e t- M ) e M — e «^-M ) 

e A z = , eS = e-^- 2 )^ , (2.1) 

where e A M , 92 and ^4 = A M dx M are taken to be independent of the extra coordinate z, and m and 
z denote world indices whilst a and z denote tangent-space indices. The constant a is given by 
° 2 = 2(_D-i)(_D-2) • ^ n n "i n dex field strength F n in (D + l) decomposes into two z-independent field 
strengths F n and F n _i in D dimensions: 

F n = F n + F n _! A (dz + A) ■ (2.2) 

Note that the D-dimensional field strengths are in general all of the form F = dA + • • •, where 
the dots indicate extra "Chern-Simons" terms involving wedge products of lower degree forms and 
potentials. Under certain circumstances, these modifications to the field strengths will lead to 
constraints on the allowable field configurations for p-brane solutions; we shall discuss this in more 
detail later. Under this reduction procedure, a bosonic Lagrangian in (D + 1) dimensions of the 
form 

C = eR-\e(d<t>?-^ee^Ft (2.3) 

becomes 

£ = eR-\e{dcj>) 2 - \e{d V f - \ee-^ D - x ^T 2 

2n\ ee n 2(n-l)! 6e ^ ' [ZA) 

where T = dA. One can apply this procedure iteratively to reduce the 11-dimensional supergravity 
to any lower dimension. Note that in each step of dimensional reduction, a new two-form field 
strength emerges from the metric. 

As one descends through the dimensions, the number of field strengths proliferates. The di- 



mensional reduction of the Lagrangian (2^3) to fl2.4|) described above indicates the pattern of this 
proliferation. In each step, a new dilatonic scalar appears, and so there will be (11 — D) dilatons in 
D dimensions. Thus in (D + l) dimensions, the dilaton factor of the field strength F n in Lagrangian 
(|2.3j ) in general takes the form e 3n+r<i>B+i where 4> D+1 = (4>i, 4>2, ■ ■ ■ , <Pio-d)- Since there is no 
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dilaton in 11-dimensional supergravity, we see that an = 0. It follows from eqn. (|2.4j ) that we 
obtain the lower dimensional vectors a by the following algorithm: 

-(n-1), forF„^F n , 
with x = I (D-n), for F n F n _!, (2.5) 



V (D-l)(D-2) 

-(D-l), for J 7 . 

Here the three cases refer to an n-form field strength coming from an n-form in (D + 1) dimensions, 

an (n — l)-form coming from an n-form, and the 2-form coming from the metric. In this last case, 

since J- appears for the first time, the vector a D+1 is zero. At the next step of the reduction, this 

2-form behaves just like any other 2-form. This algorithm gives a complete construction of all 

the dilaton prefactors in any maximal D-dimensional supergravity, starting from 11-dimensional 

supergravity with its single 4-form field strength. For example, in D = 10, there is one 4-form, 

one 3-form and one 2-form, and their (one component) dilaton vectors are given by (— |), (1) and 

(— |) respectively. In D = 9, there is one 4-form whose vector is (— |,— tj^); two 3-forms with 

(— |, t^) arid (1, — ;4=); three 2-forms with (1, (— |, — 7^) and (0, — -^); and one 1-form with 
C_3 _J_) 

In general, we find that the solution to the recursion relation fl2,5| ) is as follows. Let us denote the 
dilaton vectors for the 4-form F MNPQ , the 3-forms F MNP i, the 2-forms F MN ij and the 1-forms F M ijk 
by a, Si, ctij and a^-fc respectively, where i labels the internal (11 — D) indices in D dimensions. 
The index runs from i = 1, corresponding to the dimension that is compactified in going from 
D = 11 to D = 10, down to i = (11 — D). There are also 2-forms J~mn anci 1-forms J-^j with i < j, 
coming from the dimensional reduction of the vielbein. We denote their dilaton vectors by b{ and 
bij respectively. We find that the dilaton vectors are given by 

Fmnpq vielbein 
4 — form : a = —g , 

3 - forms : a*j = fi - g , (2.6) 
2 - forms : ay = fi + fj-g , k = -fi 

1 - forms : a ijk = fi + fj + f k - g , by = - fi + fj , 

where the vectors g and fi have (11 — D) components in D dimensions, and are given by 

g = 3(si,s 2 , • • • ,sn- D ) , 

fi = (0,0, ...,0,(10 -i)si,s i+1 , s i+2 ,...,sii_ D J , (2.7) 

i-l 



where s; = y/2/{(10 - i)(9 - i)J. It is easy to see that they satisfy 

9 ' 9 = ^d~2 ^ ' 9 ' fi = tj=2 ' fa' fj = 25ij + 75^2 • (2- 
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Note that the definitions in ( [2.6D are given for i < j < k, and that the vectors dij and a^y. are 

(7) 

antisymmetric in their indices. The 1-forms and hence the vectors bij are only defined for i < j, 
but it is sometimes convenient to regard them as being antisymmetric too, by defining = —bji 
for i > j. Eqn. ([2.6|), together with (|2,8|), contains all the necessary information about the dilaton 
vectors in D-dimensional maximal supergravity. 

The bosonic Lagrangian of D = 11 supergravity is 

C = eR- ±£F% + ±F 4 AF 4 AA 3 . (2.9) 

(We are representing the final term as an 11-form rather than a 0-form in order to avoid writ- 
ing out the e tensor and all the associated indices. It is understood that the last term should 
be dualised.) The bosonic Lagrangian for maximal supergravity in D dimensions, obtained by 
dimensional reduction of (|2.9|), is therefore 



C = e R-le(d<P) 2 -^ee^F!-±eY,e^(n) 2 -ieJ2e S ^(F2 J ) 2 

i i<j 

-le^^hnf-h E e^HF^f-leY.e^H^f + ^A, (2.10) 

i i<j<k i<j 

where F4, -FJ, F^ and are the 4-form, 3-forms, 2-forms and 1-forms coming from the dimen- 
sional reduction of F4 in D = 11; T\ are the 2-forms coming from the dimensional reduction of 
the vielbein, and J-^ are the 1-forms coming from the dimensional reduction of these 2-forms. In 
general the field strengths appearing in the kinetic terms acquire Chern-Simons type modifications 
in the dimensional reduction process. In the appendix, we give the complete expressions for these 
modified field strengths. We denote the modified fields by untilded symbols, and the unmodifed 
fields, F4 = (IA3, etc., by tilded symbols. The final term C FFA in ( 2.10) ) comes from the dimensional 



reduction of F4 A F4 A A3, and is also given in the appendix. Note that in some lower dimensions, 
certain higher-degree forms can be dualised to lower-degree forms. We shall always do this, so that 
in D dimensions all forms have degree n < D/2. The dilaton vectors of these dualised forms are 
equal to the negatives of the original dilaton vectors ||. 

Our approach to finding p-brane solutions in the maximal supergravity theories is first to solve 
the equations following from (|1.1|), and then to select only those solutions that in addition satisfy 
the constraints implied by both C FFA and the Chern-Simons modifications of the field strengths 
of the kinetic terms. First we discuss the constraints from C FFA . These arise in cases where the 
0-form potentials Aq appear linearly in C FFA in a particular dimension. In order to set the Aq k 
potentials to zero consistently with their equations of motion, it is therefore necessary that the 



bilinear product of field strengths that occurs multiplied by A 1 q k in C FFA should vanish. This 
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imposes the following constraints: 



D = 


8 : 


F 4 A F 4 = , 


D = 


7 : 


Fi A F\ = , 


D = 


6 : 


F 4 A F l 2 j = , 


D = 


5 : 


f| A i^' fc] = o 


D = 


4 : 


A F 2 fc /] = 



FlAFi=0, (2.11) 



If one considers p-brane solutions with a purely elementary or a purely solitonic ansatz on the 
original fields, then the above constraints are identically satisfied. However, in D < 8 dimensions, 
the higher-degree field strengths can be dualised to lower-degree field strengths (or else they dualise 
to field strengths of the same degree) . Thus the elementary (or solitonic) ansatz for a dualised field 
strength is equivalent to the solitonic (or elementary) ansatz for the original field strength. When 
the participating field strengths for a p-brane solution mix dualised and undualised fields, the above 
constraints can become non-trivial. For example, in D = 7 we cannot have a p-brane solution 
simultaneously involving both the 3-forms F$ and the 3-form *F 4 coming from the dualisation of 
the 4-form. Similarly we cannot have *F 4 and F 2 non-zero at the same time in D = 6. On the 
other hand, the constraints involving both 2-forms F 2 and the dualised 2-forms *F% from 3-forms 
in D = 5 are satisified as long as each F 2 has an index in common with each *F%. Similar 
considerations apply to the 0-brane solutions in D = 4, where, as we may see from ({TIID , if some 
of the 2-forms F 2 have elementary contributions and others have solitonic contributions, then each 
of the former type must have an index in common with each of the latter type. 

Since the elementary and solitonic ansatze ( |1.4[ ) both have the property that the field strength is 
closed, dF = 0, it follows that in our p-brane solutions of the supergravity theories, we must require 
that all the Chern-Simons modifications to the field strengths should preserve this property. In 
addition, field strengths of degrees other than the degree of the fields participating in the solution 
must be zero. It therefore follows that the exterior derivatives of all the Chern-Simons modifications 
must vanish. This gives rise to non-trivial constraints in D = 5 and D = 4. For example, consider 
0-brane (particle) solutions using 2-forms in D = 4. Since the forms of all other degrees are assumed 
to be zero, this means in particular that the 0-form potentials Aq are zero, and hence = 5 13 in 
(A. 6). It follows that the vanishing of the 3-forms F^ gives rise to the non-trivial constraint 

F 2 j A P 2 = . (2.12) 

For the purely elementary or purely solitonic ansatz, this constraint is identically satisfied. However, 
when the solution has mixed elementary and solitonic contributions, the constraint vanishes only 
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when the corresponding field strengths do not have a common index. 

In this paper, our principal interest is in the p-brane solutions with either a pure elementary or 
a pure solitonic ansatz for each field strength. In certain dimensions, where a field strength dualises 
to one of the same degree, we can also in principle consider p-brane solutions in which the canonical 
field strength has both elementary and solitonic contributions. These dyonic configurations may 
or may not satisfy the constraints implied by the C FFA term and the Chern-Simons modifications 
to the field strengths. For example, we can do this for the 3-form field strengths in D = 6 and 
for the 2-form field strengths in D = 4. The situation is different in D = 8, where such a mixed 
elementary and solitonic solution does not exist for the 4-form field strength, as can be easily seen 
from the above constraint. (However, the situation is different if a non-zero Aq is allowed; in fact 
such a solution does exist but it lies outside the class of solutions that we are considering in 
this paper. In all the solutions we are considering, there is no non-zero contribution from C FFA .) 
Finally, we remark that when one considers p-brane solutions for 1-form field strengths in D = 5, 
the equations of motion for the 0-form potentials are modified by an A F^ k term. This 
additional term vanishes if we only consider p-brane solutions that do not involve the dualised 
1-form *F&. 

3 General solutions and Bogomol'nyi matrices 

We have seen in the introduction that the metric of a p-brane solution is specified once the A of the 
dilaton prefactor of the field strength is given. We have stated also that the values of A for all the 
original field strengths that are obtained simply by Kaluza-Klein dimensional reduction are given 
by A = 4. (It is very easy to verify this by substituting a ■ a into eqn. (|1.3| ), using the expression for 
the a's that we obtained in the previous section.) Thus if we use any one of these field strengths to 
construct a p-brane solution while setting all the other field strengths to zero, it will have A = 4. 
However, as we shall now show, there are other solutions in which a linear combination of field 
strengths of a given degree, and a corresponding linear combination of the dilatons, are involved. 
These solutions will in general have A < 4. The possibility of making such linear combinations 
depends crucially on the properties of the dot products of the dilaton vectors for the various field 
strengths. Let us consider a bosonic Lagrangian with N n-forms F a , with a = 1, 2, ... N, namely 



1 



A' 




" a=l 



(3.1) 
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To find a solution involving all these field strengths and a single linear combination (f> of dilaton 
fields, we perform a rotation in the space of dilatons by writing 

<j> = n<f> + (f>x_ such that a a ■ n = a for all a , (3-2) 

where n is a unit vector and n ■ (j)± = 0. Note that the requirement that all the a a have the same 
projection on n is necessary so that the participating field strengths have a Lagrangian of the form 



(1.1), with a common exponential prefactor. In order to be able to set cf)± to zero consistently with 



its equations of motion, it is therefore necessary that 

Y,a a F 2 a =anY,F 2 a . (3.3) 

a a 

Taking the dot product with a^, we obtain 

Y J A aP F 2 a = a 2 Y J F 2 a , (3.4) 

a a 

where A a p = a a ■ a p. If the matrix A a p is invertible, we therefore have 

F 2 = a 2 ^" 1 )^^. 

a 7 

: (E^" 1 )^)" 1 . ( 3 - 5 ) 



a,f3 

which gives rise to a p-brane solution with A = ( J2a,/3(A~ 1 )af3^ + 2dd/ (D — 2). In this case, we 
can easily see that and hence the unit vector n can be found from eqn ( |3.3| ). 

When the matrix A a p is singular, the analysis is different. Unlike the the previous case, we can 
have solutions to the homogeneous equation ([O]) with more than just the one rescaling parameter. 
We shall first consider solutions with only the rescaling parameter. In this case, the solutions must 
have a = since the matrix A a p is singular and has a zero eigenvector, which solves eqn. ( |3.4| ). 
This corresponds to A = 2dd/(D — 2). When a solution to eqn. (|3.4j ) has extra free parameters 
in addition to the overall scale, we can have values of a other than zero. However, the values that 
occur are still discrete, and independent of the values of the parameters. Thus these values of a 
are just repetitions of those that occurred for cases with fewer than iV participating field strengths, 
since we may without loss of generality choose the parameters such that one or more of the field 
strengths vanishes, thereby reducing the number of participating fields to a previously considered 
case. For the purpose of this paper, therefore, we need only consider the cases where A a/ 3 is non- 
singular, or, if it is singular, it should have only one zero eigenvalue, leading to a = 0. A particular 
class of singular A a ps are the ones corresponding to the cases when N is larger than the number of 
dilatonic scalar fields. In this case, we find that all the solutions involve more than the one overall 
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scale parameter, and thus need not be considered further. Thus in dimension D, we need consider 



at most (11 — D) non-vanishing field strengths. Note that equations (|3.3| ) and (3.4) determine the 
relations between the squares of the field strengths, rather than the field strengths themselves. The 
remaining freedom to choose the signs of the corresponding Page charges sometimes affects the 
supersymmetry properties of the solutions, as we shall see later. 

In the next three sections, we shall carry out the search for solutions in all dimensions D > 4, 
for all n-forms with n < 4. For each solution, we shall also examine its supersymmetry. In order 
to determine how much supersymmetry is preserved by the solutions, we now develop a general 
formalism using the Bogomol'nyi matrix, i.e. the commutator of conserved supercharges. For each 
component of unbroken supersymmetry, this matrix will have a zero eigenvalue. We can construct 
the Bogomol'nyi matrices by first constructing the one for 11-dimensional supergravity, and then 
obtaining those for D < 11 by dimensional reduction. 

Given a spinor e that is asymptotically constant as r — ► do, the associated supercharge per unit 
spatial p-volume of the the p-brane is given by |IJ 



Q e = / eT ABC ip c <m AB , (3.6) 

JdY, 

where dTi is the (d + l)-sphere with radius r in the transverse space. The commutator of the 
resulting supercharges is given by 

[Q ei , Q t2 ] = S ei Q t2 = [ N AB dY, AB , (3.7) 

where N AB = eiT ABC 5 e2 ip c - From the transformation rule for the gravitino in D = 11 supergravity, 
we therefore obtain the Nester form 

N AB = ^ABC Dc€2 + l_- eiT C lC2e2 pAB c ^ + ^ABC^.C^ ^ (g g) 

Since only the cffior component of the p-brane spatial volume element contributes, we may read off 
the Bogomol'nyi matrix M. from the integral 

1 ' N Qr r i+l dtt a+1) = e\Me 2 , (3.9) 



where is the volume of the unit {d + l)-sphere. If there is an unbroken supersymmetry, then 



there exists a Killing spinor such that eqn. (3/7) vanishes. In other words, the Bogomol'nyi matrix 
(|3.9| ) has a zero eigenvalue for each component of the unbroken supersymmetry. 

We can now use the Bogomol'nyi matrix to study the supersymmetry of the p-brane solutions 
in D = 11 dimensions. There is only one field strength in D = 11 supergravity, namely the 4- form, 
which gives rise to an elementary membrane and a solitonic 5-brane whose metrics are given by 
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(|1.5| ). Note that for the elementary ansatz for field strengths given by (|1.4j ), the last term in ( |3.8|) 
vanishes, whilst the second term vanishes for the solitonic ansatz. Substituting the solutions into 
eqn. fl3.9|) , we obtain 

elementary : M. = ml + uTou , 

solitonic : M. = ml + vT^^g , (3.10) 

where the hats indicate index values in the transverse space, while indices without hats live in 
the world-brane volume. The parameter m denotes the mass per unit volume of the p-brane, and 
u = -^-p f S 7 *F and v = J s a F are precisely the electric and magnetic Page charges of the field 
strength |15[ |. They are given by 

A A . 

m = — , u = — = v . (3.11) 
4 4 

The eigenvalues of the Bogomol'nyi matrix (|3.10| ) can be easily obtained without needing to de- 
compose the 11-dimensional T matrices, by invoking the Hamilton-Cayley theorem that a matrix 
satisfies its own characteristic equation. For example, let us consider the elementary case: 

(M - ml) 2 = (uT 012 ) 2 = u 2 fj,= (m±u), (3.12) 

where [i denotes the eigenvalues of Ai. Since A = 4 in D = 11, it is easy to see that m = u, and 
so the 32 x 32 matrix M has 16 zero eigenvalues, for both the elementary membrane and solitonic 
5-branes solutions. We shall write the eigenvalues as 2m(0i6, li6) ; where the subscripts denote 
the degeneracies. Thus both the elementary and solitonic solutions break half the supersymmetry 
and their mass/charge ratio is 1. Although the Hamilton-Cayley theorem provides a simple way 
to calculate the eigenvalues, it is not always easy to determine the degeneracies by this approach. 
Knowing the degeneracies is of particular interest for the supersymmetric p-brane solutions, since 
it determines the fraction of the D = 11 supersymmetry that is preserved. For the supersymmetric 
cases, we calculate the full set of 32 eigenvalues, using an explicit representation of 32 x 32 gamma 
matrices in D = 11. 

The above analysis of supersymmetry can easily be generalised to lower dimensions. In fact 
the Nester form for maximal supergravity in any dimension is just the Kaluza-Klein dimensional 
reduction of the 11-dimensional expression (|3. §|), For example, it follows from eqns (|2.l| ), (|2.2| ) and 
(|3.8| ) that the Nester form for type IIA supergravity in D = 10 is given by 

N AB = ilT ABC Dce2+e -y- iTio ^l T AB + l T A B C Dj , cD y 2 

+e^e 1 r 10 ( - \T C F AB C - ±Y ABGDE F CDE ) e 2 (3.13) 
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The Nester form becomes increasingly complicated as we descend through the dimensions, since 
more and more antisymmetric tensors are generated. However, for the purpose of studying the 
supersymmetries of p-brane solutions, some simplifications can be made. First, note that the 
dilaton factor for each field strength is precisely the square root of the dilaton factor for the kinetic 
term of the same field strength that appears in the Lagrangian. In fact it follows from (|1.5| ) that all 
these dilaton factors can be set to unity since the Bogomol'nyi matrix we are considering is defined 
at r = oo. As we showed above, in order to obtain the eigenvalues of a Bogomol'nyi matrix, we do 
not need to decompose the V matrices into world-volume and transverse space factors. Furthermore, 
we do not need to decompose the 11-dimensional T matrices into the product of D-dimensional 
spacetime and compactified (11 — L>)-dimensional factors. This greatly simplifies the discussion for 
lower dimensions. 

In order to present the general Bogomol'nyi matrix for arbitrary forms and arbitrary dimensions, 
we first establish a notation for the Page charges of the various field strengths: 

pijk j., :/ -<, 

Pi (3.14) 

Vijk Qi Qij j 

where the elementary Page charges are given by — — f S (D- n ) *F n and the solitonic Page charges 
are given by ^j- fgn F n . Note that there are no elementary p-brane solutions for the 1-form field 
strengths. We find that the general Bogomol'nyi matrix in D dimensions is given by 

M = ml + u r i2 + Ui Toii + \uij T Qij + piT 0i 

+ V ^i2345 + V i ^i234i + \ Vi 3 ^123ij + \ V ijk ^\2ijk + % ^123i + 2%' ^I2ij ' (3.15) 

where the first line contains the contributions for elementary solutions, and the second line con- 
tains the contributions for solitonic solutions. For a given degree n of antisymmetric tensor field 
strength, only the terms with the corresponding Page charges, as indicated in ( 3.1^ ), will occur. As 





F 4 


pi 


r 2 


elementary : 


u 


Uj 


Uij 


solitonic : 


V 




Vij 



always, the indices 0, 1, . . . run over the dimension of the p-brane worldvolume, 1,2,... run over the 
transverse space of the y m coordinates, and i, j, . . . run over the dimensions that were compactified 
in the Kaluza-Klein reduction from 11 to D dimensions. The mass per unit p- volume m in ( [3.15 ) 



arises from the connection term in the covariant derivative in the Nester form, and it is given by 
m = ^linv^oo (B' — A')e~ r +1 . Thus the masses and Page charges of the solutions of (1.1) that 
we discussed in section 1 are given for all D and d by 
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Elementary 


Solitonic 


Dyonic, a 2 = n — 1 


Dyonic, a 2 = 


Mass m 








2v^A A + A 2 


Charge P e i e 







jAi 




Charge P so i 





1A 


3A2 


4A2 



Table 1: Mass and Page charges for p-brane solutions 



As one can see from ( 3.12 ), the existence of zero eigenvalues of a Bogomol'nyi matrix depends 
on two factors: the T matrix structure and the A value of the solution. Both of these two factors 
are governed by the field strengths that participate in the solution. In the next three sections, we 
shall exhaustively search for p-brane solutions using n-forms with n = 4, 3, 2, 1 in all dimensions 
11 > D > 4. In the case of 4- forms and 3-forms we descend only to D = 8 and D = 6 respectively, 
since below these dimensions, the forms will be dualised to forms of lower degree. It will be 
understood in everything that follows that we are always discussing p-brane solutions in the maximal 
supergravity that is obtained from D = 11 by dimensional reduction. 



4 j9-branes for 4-form and 3-form field strengths 
4.1 4-form field strengths 

We first discuss p-brane solutions for 4-form field strengths in D > 8 dimensions. There is only 
one 4-form in each dimension D. Therefore, in this case, there is no possibility of truncation of 
the dilatonic scalar fields, and so there is a unique solution, with A = 4. When it is elementary, 
it is a membrane; when it is solitonic, it is a {D — 6)-brane. The Bogomol'nyi matrices for all 



these dimensions take the same form (|3.10|) as in 11 dimensions. Thus the eigenvalues are given 
by m db u for the elementary cases and m ± v for the solitonic cases. It follows from eqn. ( [3.11 ) 
that all these solutions preserve half of the 11-dimensional supersymmetry. Note that in D = 8, 
one could consider dyonic membrane solutions given by (|ll]). However, as we discussed in section 
2, such a solution is ruled out by the constraint given in ( 2.1l[) . (It is worth remarking that one 
can nevertheless construct a more general kind of dyonic solution where a 0-form potential is in 



addition involved [14].) 

In fact the above discussion applies also to the p-brane solutions for n-forms of any other 
degree, if only one of the original field strengths participates in the solution. In other words, any 
p-brane solution with A = 4 preserves half of the 11-dimensional supersymmetry, regardless of the 
dimension D and the degree n of the form. Thus in the following discussion, we shall consider only 
the more complicated cases where more than one field strength is involved, and hence A < 4. 
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4.2 3-form field strengths 

There are (11 — D) 3-forms in D > 6 dimensions, except in D = 7 where there is an extra 3-form 
coming from the dualisation of the 4-form. The 3-forms are obtained from dimensional reduction of 
the 4-form in D = 11. Leaving aside the extra 3-form in seven dimensions, they can be labelled by 
pABCi^ w \ iere i runs over the (11 — D) compactified dimensions. In the case of D = 7, it turns out 
that the extra 3-form can be appended to these by extending the range of the index i. The dilaton 
vectors Si for the corresponding 3-form field strengths F ABCl , which are given by ( p.6[) , turn out to 
have the following dot products 

ck ■ S d = 2Sij - 2{ ® J 2 6) . (4.1) 

Let us now suppose that there are N 3-forms participating in a p-brane solution, where N is 
less than or equal to the number of dilatonic scalar fields, i.e. N < (11 — D). It follows from 
the first equation of ( |3.5| ) that all these 3-forms are equal, i.e. F 2 = F 2 /N for all a, where F 
is the canonically normalised field strength that appears in the Lagrangian ( |1.1| ) after setting the 
non-participating fields to zero. Thus it follows from eqn. ([03) that 



a 



N l^ aa ) ~ N D -2 ' 



which implies that 

A = 2 + A=4, 3, |.|,f ■ (4.3) 

This implies that there are (11 — D) inequivalent p-brane solutions using 3-form field strengths in D 
dimensions. The elementary solutions are strings, while the solitonic solutions are (D — 5)-branes. 

In order to study the supersymmetry of these p-brane solutions we consider their Bogomol'nyi 
matrices, given in (3.15). In D = 10,9,8, we therefore have 



elementary : M. = ml + UiT^u , eigenvalues : \i = m db y/uiUi , 

solitonic : M. = ml + ^Tj^^ , eigenvalues : \i = ml y/ViVi , (4-4) 

where we denote the elementary and solitonic Page charges by Ui and Vi respectively, and the index 
i runs over the compactified dimensions. As we discussed above, for a p-brane solution involving 
N < (11 — D) field strengths, we have F 2 = F 2 /N for all a, and hence u a = u/yN or v a = v/y/N 
where u and v are the Page charges for the canonically normalised field strength F, i.e. u = \\ = v. 
Thus the eigenvalues for both the elementary and solitonic solutions are given by /x = \^{~^ ^ l)i 
and can be zero only when A = 4, in which case half of the supersymmetry is preserved. 



14 



In D = 7, there is an extra 3-form coming from the dualisation of the 4-form. The Bogomol'nyi 
matrices are given by 



elementary : M = ml + UiTon + uT^^ > eigenvalues : \i = m ± y 1 UiUi + u 2 , 

solitonic : Ai = ml + ViT^^ + vFqi2 , eigenvalues : // = m ± y ViVi + v 2 , (4.5) 

where u and v denote the elementary and solitonic Page charges of the dual of the 4-form field 
strength. Note that, as we discussed for the solutions, u and v play an equivalent role to Ui and 
Vi respectively in the Bogomol'nyi matrices, and therefore we can extend the range of the index i 
by 1. Thus as in the cases of D > 8, the eigenvalues are given by \i = g;A(-^= ± !)■ Again the 
supersymmetry is completely broken unless N = 1 and hence A = 4, in which case half of the 
supersymmetry is preserved. 

In D = 6, the Bogomol'nyi matrices are given by 

M = ml + UiTou + ViT^Ui > 



eigenvalues : \x = m ± J (ui ± Vi) 2 . (4-6) 

(Note that owing to the more complex T-matrix structure, the characteristic equation for A4 is 
quartic here rather than quadratic, giving rise to the two independent ± signs.) The elementary 
and solitonic solutions correspond to Vi = and U{ = respectively. For these types of solutions, 
the supersymmetry properties are identical to the case when D > 7, namely all solutions break all 
the supersymmetry except when A = 4, in which case they preserve half the supersymmetry. 

In D = 6, since the dimension is twice the degree of the 3-form field strengths, we can also 
construct dyonic string solitons, where the field strengths involve both elementary and solitonic 
contributions. There could in principle be two different types of dyonic solution. In the first type, 
some field strengths would be purely elementary (with electric charge) while others would be purely 
solitonic (with magnetic charge). However, such configurations do not satisfy the constraint given 
in (2.11). In the second type of solution, the canonical field strength has both electric and magnetic 
charges, and hence all the participating field strengths have the same ratio of the two charges. This 
configuration does satisfy the constraint in ( 2.11| ). Thus we can have such dyonic solutions with 
N = 1, 2, 3, 4 and 5 field strengths, and the correponding values of A are given by (4.3). In general, 
the equations of motion reduce to the two second-order differential equations ( |1.7| ). When N = 1, 
and hence A = 4, we have a simple solution given by ( |1.9| ). The mass per unit length of this dyonic 
string is m = |(Ai + Ag), and the Page charges are u = \\\ and v = |A2- The eigenvalues of the 
Bogomol'nyi matrix are given by 

fx = m±u±v = {0 8 , (iAi) 8 , (±A 2 ) 8 , (|(Ai + A 2 )) 8 } , (4.7) 
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where, as usual, the subscripts on the eigenvalues indicate their degeneracies. Thus the solution 
preserves 7 of the supersymmetry fl2|| . When either Ai = or A2 = 0, the solution reduces precisely 
to the previously-discussed purely solitonic and purely elementary solutions, which preserve \ of 
the supersymmetry. When Ai = A2, in which case the field strength becomes self-dual and the 
dilaton vanishes, the solution is in fact precisely equivalent to the self-dual string in D = 6 self-dual 
supergravity, which we shall discuss below. When Ai = — A2, the field strength is anti-self-dual, 
and we have a massless string which preserves ^ of the supersymmetry; however, the eigenvalues, 
given by (^7]), for such a solution are not positive semi-definite. In this case, the dilaton field does 
not vanish, and hence the solution is distinct from the anti-self-dual string in D = 6 anti-self-dual 
gravity. It is worth remarking that the eigenvalues ( ^4.7| ) for these dyonic solutions of the second 
type are quite different from those for all the solutions we have discussed previously. In those cases, 
the eigenvalues are non-negative as long as the mass per unit p- volume is positive. However, for the 
dyonic solutions of the second type, one can easily see that the eigenvalues of the Bogomol'nyi 
matrices can take both signs, even when the mass is positive. 

In the above discussion, we saw that the field strength of the solution could be chosen to be 
either self-dual or anti-self-dual. In fact, one can alternatively impose a self-dual (or anti-self-dual) 
condition on a 3-form field strength so as to truncate the supergravity theory itself to an (anti)- 
self-dual theory [16|. In this case, the dilatonic fields are all consistently truncated from the theory. 
This gives rise to a self-dual (or anti-self-dual) string soliton with A = 2. The metric is given by 



( 1.10 ) with Ai = A2 = A. The mass per unit length is given by m = \ y (Af + A^)/A = ^A; the Page 
charges of the solution comprise an electric charge u and a magnetic charge v, with u = v = 7 A 
(v = — jX for the anti-self-dual case). The eigenvalues of the Bogomol'nyi matrix are given by 
(i = j(2 ± 1 ± 1) = m{0g, li6,2g}, and so a quarter of the D = 11 supersymmetry is preserved 
in this (anti)-self-dual case. Note that the mass per unit p-volume of the self-dual (anti-self-dual) 
solution in the previous paragraph is given by m = u + v, whilst the mass of these solution in D = 6 
self-dual (anti-self-dual) supergravity is given by m = \/u 2 + v 2 . 



5 p-branes for 2-form field strengths 

The structure of the 2-form field strengths is much complicated than that for 4-forms and 3-forms. 
There are two sources of 2-form fields strengths, namely the vielbein and the dimensional reduction 
of the 4- form in D = 11. Furthermore, in D = 6, there is an additional 2-form coming from 
the dualisation of the 4-form, and in D = 5, there are six additional 2-forms coming from the 
dualisation of the 3-forms. Thus we shall discuss D > 7, D = 6, D = 5 and D = 4 separately. The 
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elementary solutions are particles, while the solitonic solutions are (D — 4)-branes. 



5.1 D>7 

When D > 7, there are (11 -D) 2-forms J$ N coming from the vielbein, and ±(11 - D)(W - D) 2- 
forms F MN ij coming from the 4- form field strength, where i runs over the compactified dimensions. 
We are denoting the dilaton vectors by i>, and a y - respectively; they are given in eqn. ( p.6[ ). It 
follows from eqn. ( |2.8| ) that they satisfy 

2 



L> - 2 



&i • a jk = -25ij - 25 ik + — - - , j <k , (5.1) 

2(D — 3) 

% • a*M = 25^ + 2J j7 + 25 a + 2^- fe — - - , i < j, k < I. 

The Bogomol'nyi matrix for the elementary case is M. = ml+piFoi + ^UijFoij. Its characteristic 
equation is quartic, and the eigenvalues are 



(i = m± \JpiPi + \uijUij ± 2^/UijpiUkjPk , D = 10, 9, 8 

A« = m ± ^piK + |«y«y ± ^ jQ{eijkiUijUki) 2 + 4uijPiU kj p k , D = 7. (5.2) 

For the solitonic case, the analysis is analogous, and the eigenvalues are given by ( |5.2| ) with the 
elementary Page charges pi and Ujj replaced by the solitonic Page charges qi and Vij. 



Using eqns (5.1) and ( |5.2[ ), we can obtain all the p-brane solutions for 2-form field strengths 
in D > 7, and study their supersymmetry properties. As we discussed previously, the p-brane 
solutions involving only one original 2-form have A = 4, and preserve half of the supersymmetry. 
For N = 2 participating 2-forms, which can happen in D < 9, there are two inequivalent solutions 
for each D, with A = 3 and A = 2. For each value of A, there may be more than one choice of field 
strengths to achieve it; however, as long as the ratio of field strengths is the same for the different 
choices, we expect that they give rise to identical eigenvalues in the Bogomol'nyi matrix, and hence 
the same supersymmetry property. Thus we shall present only one example for each inequivalent 
solution: 

A = 3, Pl = P2 = ^, M= A ( _2_ ±1)) 

A = 2, pi = Ul2 = -^, / u = i A=(2±l±l) . (5.3) 

We see that the p-brane solutions with A = 3 break all the supersymmetry, and the p-brane 
solutions with A = 2 preserve a quarter of the supersymmetry, with the eigenvalues given by 
m{0 8 , li 6 ,2 8 }. 
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For N = 3 field strengths, which can happen in D < 8, there are also two inequivalent solutions 
for each D, namely 

A = | , {P1,P2,P3} = ^{1, 1,1}, I* = |(VI ± 1) , 

A = ^, { Pl , P2 ,u 12 } = ^{V2,V2,V3} , /x = |( v /|±V / l±^) . (5.4) 

These solutions break all the supersymmetry. 

For N = 4 field strengths, which can happen in D < 7, there are 3 inequivalent solutions, given 

by 

A = |, {P1,P2,P3,P4} = |{1, 1,1,1} , M=l(\/| ±1 )> 

A = I , {pi,p 2 ,ni 2 ,m 3 } = ^ g {\/2,l ) v/2,l} , n=§(Jf±y/l±&) , (5.5) 

A = f , {pi,Ui2,«l 3 ,«14} = 4^{>/2, 1,1,1} , /i=|( V /|±V /l±2 #) • 

All these solutions, which break all the supersymmetry, satisfy the constraints implied by both 
C FFA and the Chern-Simons modifications that we discussed in section 2. Note that in order to 
get A = |, we can also have {^1,^2,^3,^12} = {V2, \/2, V — 1, V^}- The eigenvalues are given 
by = j(y~^[ i ^1 ± -^g). In this case, one of the field strengths is imaginary and /i includes 
complex values. The solution is unphysical. From now on, we shall discard these types of solutions. 

5.2 D = 6 

(i) 

In D = 6, there are five 2-forms J-l IN coming from the vielbein, ten F MN ij coming from dimensional 
reduction of the 4-form and an extra 2-form coming from the dualisation of the 4-form. We denote 
the corresponding dilaton vectors by 6j, and a. Note that a is given by eqn. ( |2.6| ) but with its 
sign reversed because of the dualisation. The dot products of these vectors are given by eqn. (|5.1D , 
together with 

a ■ a = I , a ■ b{ = — | , a ■ aij = \ , i < j , (5.6) 

The Bogomol'nyi matrix for the elementary case is given by A4 = mt+piToi + iu^Toij + 1^12345' 
where ti* is the Page charge for the extra 2-form coming from the dualisation of the 4-form. The 
eigenvalues are given by 

H = m±\J piPi + u* 2 + \uijUij ± \[X , 

X = AmjPjUikPk + 4piPiii* 2 + \{uijUij) 2 - UijUjkUkiuu + eijkimUijUkip m u* . (5.7) 

The eigenvalues for the solitonic case take the same form, with the elementary Page charges replaced 
by the corresponding solitonic Page charges. 
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Now we shall consider p-brane solutions with N < 5 field strengths. When N = 1,2,3, the 
solutions are identical to the cases when D = 7. When TV = 4, in addition to the 3 inequivalent 
solutions that we discussed in D = 7, there is an extra inequivalent solution, given by 

A = |, {pi,n 12 ,ni3,n 4 5} = |{1, 1,1,1} , /i=!(>/i±VT±T). (5.8) 

The solution is not super symmetric. 

When N = 5, there are three inequivalent solutions, given by 

12 r„ „ „ „ „ i A 



A = f , {P1,P2,P3,P4,P5} = ^-{1,1,1,1,1} 



A 



{pi, U12, U U , U 2 3, U45} = J^gi 1 , 1, 1, 1, 1} , (5-9) 



5 ■ 



A = § , {ni2,ui3,ui4,ui 5 ,pi} = ^{v/2, v^, v^, v 7 ^, 75} , . 



These have eigenvalues \i = ± 1), // = |(jf ± Jl ± X) and /i = ± V 1 ± 



4V\/3- , -- L ^^ — 4Vy2-'-Y v^ 7 ^ _ 4V\/5- , -V 13 

respectively, and so none of these solutions is supersymmetric. 
5.3 D = 5 

(i) 

In D = 5, there are six 2-forms from the vielbein, fifteen F MN ij coming from dimensional 

reduction of the 4- form and six extra 2-forms coming from the dualisation of the 3-forms F MNP i. 
We denote the corresponding dilaton vectors by b{, Sij and Si. Note that the vectors Si are given 
by eqn. ( fEll ) but with their signs reversed owing to the dualisation. The dot products of these 
vectors are given by eqn. (pj[) , together with 

Cli • (Xj — — 2$ij ~t~ 3 ; Q>i ' bj — ^Sij 2 5 

Si ■ S jk = -25ij - 25 ik + § , j <k , (5.10) 

The Bogomol'nyi matrix for the elementary case is given by 

M = ml + UiT 0i + \uijYoij + u* T i2 ^ , (5.11) 

where u* are the Page charges for the extra six 2-forms coming from the dualisation of the 3-forms. 
The general formula for the eigenvalues for this matrix is too complicated to present. We shall 
instead just give the eigenvalues for the explicit inequivalent solutions that we find. Since the 
eigenvalues of the Bogomol'nyi matrix for the solitonic case take the identical form, we shall not 
discuss them further. 

In D = 5, there can be p-brane solutions with N < 6 participating field strengths. The cases 
with N = 1,2,4 are precisely the same as in D = 6, but for N = 3, 5 there is an additional solution 
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in each case. Together with five solutions for N = 6, the full set of new solutions in D = 5 is 



A = 


4 

3 ' 


{^12,^34,^56} = ^{1,1,1} , 


A = 


24 
17 ' 


{U12, U13, U 45 , U56, u 46 } = ^{2, 2, \/3, VS, V3} , 


A = 


7 

3 ' 


{Pl,P2,P3,P4,P5,P6} = ^{1,1,1,1,1,1} , 


A = 


3 

2 ' 


{pi, tin, Ul3, U U , U15, U 16 } = g^{V3, 1, 1, 1, 1, 1} , 


A = 


15 

11 ' 


{p 1 ,p 6 ,u 2 ,u 3 ,u A ,u 5 } = 4 ^/2 2 {V5, V5,V3, V3, \/3, \/3} 


A = 


7 

5 ' 


{^26,^25,^1,^2, ^13, ^14 } = 4 ^- Q {v / 2, V2, 1, 1, "\/2, V^} , 


A = 


1 

3 ' 


{ni2,Ui3,U 2 3, ^45, ^46,^56} = J^fl 1 ; h h h h 1} ■ 



(5.12) 



All these solutions, except for the case of A = | with three field strengths, break all the super- 
symmetry. From now on, we shall not present the eigenvalues for the non-supersymmetric cases. 
The eigenvalues for the case of A = | with three field strengths are |m{0 4 , 112, 2i2, 3 4 }. Thus the 
p-brane solution with A = | preserves g of the supersymmetry. Note that there is also a case with 
A = I for six field strengths, which does not give rise to supersymmetric p-brane solutions. 

5.4 D = 4 

(i) 

In D = 4, there are a total of twenty-eight 2-form field strengths: seven J^n from the vielbein, and 
twenty-one F MN ij coming from dimensional reduction of the 4-form. The corresponding dilaton 
vectors are denoted by hi and au. It turns out that the dot products of these vectors, given by ( |2.6[) 
and (|2.8| ), are such that we can extend the i index to include the value 8, and define = —b{. 
Then the dot products are given by the single formula 

Sij ■ a M = 25 ik + 25 ji + 28$ + 25 jk - 1 , i < j ,k <l , (5.13) 

Although the dilaton vectors can be treated equally by this extension of the index range, the 
corresponding field strengths do not play equivalent roles. 

In D = 4, since the dual of a 2-form is again a 2-form, in addition to the previous linear 
combinations of original field strengths we can also combine field strengths and the duals of other 
field strengths to obtain a p-brane solution. Such a phenomenon occurs also in D = 8 for the 
4-form and D = 6 for the 3- forms, as we discussed in the previous section. In terms of the original 
undualised fields, this corresponds to making an elementary ansatz on some of the fields while 
making a solitonic ansatz on the remainder. In order to obtain such dyonic solutions, we first dualise 
certain field strengths, and then use the previously discussed procedure to obtain the Lagrangian 



(1.1) by taking a linear combination of these together with other undualised field strengths. We 
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then make a purely elementary or purely solitonic ansatz on this resulting field strength. The 
corresponding Page charges of the dualised field strengths are magnetic and electric respectively, 
precisely opposite to those of the undualised field strengths. As we discussed in section 4.2, these 
are called dyonic solutions of the first type. We shall discuss dyonic solutions of the second type 
at the end of the section. 

The Bogomol'nyi matrix for all the above mentioned p-brane solutions takes the form 



An elementary ansatz for an undualised field strength contributes a pi or Uij electric charge, whilst 
an elementary ansatz for a dualised field strength contributes a qi or Vij magnetic charge. When 
we present the solutions later in the section, we shall denote such a qi or Vij charge by p* or u*j. 
The situation for a solitonic ansatz is the converse of this. 

Since there are a total of seven dilatonic scalars in D = 4, there can be N < 7 participating 
field strengths. In general, there can be either purely electric (or purely magnetic), or else mixed 
dyonic solutions. For N = 1, the solutions are necessarily either electric or magnetic, with A = 4, 
analogous to the cases in D > 5 that we have discussed previously. All these solutions preserve 
half the supersymmetry. For N = 2, there are two different values of A arising from the solutions, 
namely A = 3 and A = 2. Both of these values can be achieved by purely electric (or purely 
magnetic) solutions. They can also be achieved by mixed dyonic solutions. For higher numbers 
of field strengths, starting at N = 4, there are cases that can only be achieved by mixed dyonic 
configurations; we shall refer to these as intrinsically dyonic solutions. For the purpose of presenting 
the results, we shall continue with the policy of not giving again solutions that can be obtained 
from a higher dimension by dimensional reduction, i.e. solutions that have the same A values and 
the same ratios of participating field strengths. For the new solutions that we do list, we shall 
favour the purely electric (or purely magnetic) choices where possible, and present dyonic solutions 
only when they are intrinsically dyonic. We find that the new solutions in D = 4 are as follows 
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(5.15) 



where a star on a Page charge indicates that the associated field strength is dualised; these cases 
are the intrinsically dyonic solutions. Note that all of them satisfy the constraints implied by C FFA 
and the Chern-Simons modifications that we discussed in section 2. In fact, this is the first time 
that we encounter cases where ostensible solutions are actually ruled out by the constraints. For 
example, the following configurations 
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{u 57 , U47, "37, 1*27, «17, «67> 

P7 } = ±{1,1, 1,1, 1,AV2} , 

would be solutions were it not for the fact that they do not satisfy the constraint ( 2.12j ) implied 
by the Chern-Simons modifications to the field strengths. This is because in each case, there is 
an index in common between an undualised 2-form and a dualised 2-form, one coming from the 
vielbein and the other coming from the field strength F4 in D = 11. 



Amongst the new solutions in ( 5.15 ), all but the first one, which has A = 1, break all the 
supersymmetry. We find that the eigenvalues of the Bogomol'nyi matrix M for the first solution are 
given by m(04, 124, 24), and thus it preserves | of the supersymmetry. Together with the solutions 
that can be obtained from higher dimensions by dimensional reduction, there are a total of four 
inequivalent supersymmetric particle solutions in D = 4. They have A = — for N = 1,2,3,4, 
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corresponding to a = \/3, 1, i,0. (The analogous solutions with the same values of a were also 
obtained [o] in the four-dimensional N = 4 heterotic string.) For iV = 1,2,3, the solutions 
can be purely electric or purely magnetic or mixed dyonic. They preserve 2~ N of the original 
D = 11 supersymmetry. For N = 4, the solutions are intrinsically dyonic and preserve g of 
the supersymmetry. Although the solutions with iV = 3 and N = 4 both preserve g of the 
supersymmetry, the degeneracies of the non-zero eigenvalues of their Bogomol'nyi matrices are 
different. The solutions for N = 1,2,3 and 4 first appear at D = 10,9,5 and 4 dimensions 
respectively. They correspond to what are called stainless super p-branes in Q, in the sense that 
they cannot "oxidise" to isotropic p-brane solutions in higher dimensions by the inverse of the 
dimensional reduction procedure. 

So far we have considered either pure elementary or pure solitonic solutions, or else mixed dyonic 
p-brane solutions of the first type, where some of the field strengths are purely elementary and the 
others are purely solitonic. We now turn to dyonic solutions of the second type, where the canonical 
field strength has both elementary and solitonic contributions, and hence each participating field 
strength has the same ratio of electric and magnetic charges. As in the first type of dyonic solution, 
here too the constraint given in ( p. 11 ) must also be satisfied. This is automatic for 2- forms coming 
from the vielbein; however, if two or more of the 2-forms F% coming from in D = 11 are 
involved, then these must each have an index in common with all the others in order to satisfy 
the constraint. In fact all the previously-listed examples of 2-form field strength configurations can 
also be used to contruct these dyonic solutions of the second type. However, as we discussed in 
section 1, the equations of motion only admit simple solutions when a = or 1, corresponding to 



A = 1 or 2. The metrics of these two dyonic particles are given by (|l.9| ) and ( 1.10 ) respectively. 
The corresponding masses, Page charges and the eigenvalues of Bogomol'nyi matrices are given by 

A = 1 : m = , {u57,U4£,U23,Px,V5T,V4£,V23,qi} = |{Ai, Ai, Ai, Ai,A 2 , A 2 ,A 2 ,-A 2 } , 
A* = 5^12 {O4, 124, 24} , 



A = 2: m = ^= , {pi, u 12 , qi, v 12 } = j^Ui, Ai, A 2 , A 2 } , (5.17) 
H = \/2{(Ai + A 2 - Ai 2 ) 8 , (Ai + A 2 + Ai 2 ) 8 , (Ai + A 2 )i 6 } , 

where Ai 2 = \J^ + A|- Note that for A = 1, the solution, is already intrinsically dyonic of the first 
type even when Ai = or A 2 = 0, as we discussed previously. In fact for this solution both the 
metric and the eigenvalues of the Bogomol'nyi matrix are identical to those of the dyonic solution 
of the first type, even though the two Bogomol'nyi matrices are different. In particular, the solution 
always preserves 4 of the supersymmetry, regardless of the values of Ai and A 2 . For A = 2, on 
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the other hand, we can have zero eigenvalues only for the following three cases: Ai = 0, A2 = or 
Ai = — A2. The first two cases correspond to the purely solitonic and purely elementary solutions 
which preserve \ of the supersymmetry. The third case gives rise to a massless black hole (which has 
been discussed in Jl8|]), which preserves \ of the supersymmetry. However, some of the eigenvalues 
are negative in this case. 

6 p-branes for 1-form field strengths 

The analysis for the p-brane solutions with 1-form field strengths is analogous to that for the higher- 
degree field strengths. The main difference is that one can only make a solitonic ansatz for a 1-form 
field strength, since the elementary ansatz (|0|) is not defined when the field strength has only one 
index. The solitonic solutions are (D — 3)-branes. In D > 6, the 1-forms are given by -F M r/'fc an d 
an d the corresponding solitonic Page charges are denoted by Vijk and qij. In D = 5, there is 
an extra 1-form coming from the dualisation of the 4- form F MNPQ , whose Page charge is denoted 
by v* . In D = 4, extra 1-forms come instead from the dualisation of the seven 3-forms F MNP i, and 
the corresponding Page charges are denoted by v* . The Bogomol'nyi matrix is given by 

M = ml + \v ijk Ti2 ijk + \qij^i2ij + v * r oi2 + v* F u , (6.1) 

where the v* and v* terms appear only in D = 5 and D = 4 respectively. 

The number of p-brane solutions for 1-form field strengths is far greater than the previous cases. 
We shall first present the supersymmetric solutions. Like the p-brane solutions for higher-degree 
field strengths, the solutions with only one participating 1-form field strength also have A = 4, 
and they all preserve half the supersymmetry. The first example of such a solution is the solitonic 
6-brane in D = 9 ||, which is the highest dimension for 1-forms. There are a total of 8 inequivalent 
supersymmetric solutions, given by 
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It is easy to verify that all these solutions satisfy the constraints implied by both the C FFA term 
and the Chern-Simons modifications to the field strengths. The squares of the Page charges listed 
above are all equal in each case. The first case occurs in D < 9, and preserves \ the supersymmetry; 
the second occurs in D < 8, and preserves ■? of the supersymmetry. The third and the fourth both 
occur in D < 6. They both preserve | of the supersymmetry, but their non-vanishing eigenvalues 
are different. The last four solutions all occur in D = 4 only, and they all preserve of the 
supersymmetry, but their non- vanishing eigenvalues are different. Note that we have two cases 
with A = 1, with one preserving | of the supersymmetry, and the other preserving ^ instead. 



Some analogous solutions in the four dimensional N = 4 heterotic string were obtained in [12]. 

There are a great number of non-supersymmetric solutions. For example for N = 2 participat- 
ing field strengths, in addition to the supersymmetric solution with A = 2, non-supersymmetric 
solutions exist with A = 1, 3. Both occur in D < 8. For N = 3 field strengths, A = |, |, |, 
with the first two occurring in D < 7 and the additional ones occurring only when D < 6. As 
the number of participating field strengths increases, which occurs as we descend to lower dimen- 
sions, the number of non-supersymmetric solutions increases significantly. For example there are 
43 different A values for six field strengths in D = 5. However it is a straightforward exercise 
to enumerate them by computer, using the procedure discussed in section 3. It involves solving 
eqn. ( |3.4D for all possible N x N submatrices A a p of the dot products of the dilaton vectors, with 
N < (11 — D). We shall not present these results in this paper. 



7 Conclusions 

In this paper, we have looked at p-brane solutions in the maximal supergravities in 11 > D > 4 
dimensions. Our starting point was to obtain the complete bosonic Lagrangians via Kaluza-Klein 
dimensional reduction from D = 11. Our construction of the Lagrangians distinguishes the (11 — D) 
dilatonic scalar fields from the 0-form potentials for the 1-form field strengths. We then consistently 
truncate the bosonic Lagrangian to the form ( |1.1| ), with one dilatonic scalar and one n-form field 
strength. The p-brane solutions involve only the metric, the dilatonic scalar (which is a linear 
combination of the original (11 — D) dilatonic scalars), and the field strength (which is a linear 
combination of the original field strengths). We also discussed the further constraints on the p- 
brane solutions implied by the terms coming from the dimensional reduction of C FFA , and by the 
Chern-Simons modifications of the field strengths, since we focussed only on p-brane solutions not 
involving these terms. Classifying p-brane solutions of this kind reduces to a problem in linear 
algebra, as we discussed in section 3. 
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The metrics of these p-brane solutions depend only on the degree of the field strength and the 



value of A given by (1.3). Different consistent truncations lead to different values of A. Another 
factor that characterises a p-brane solution is its super symmetry. The supersymmetry of a solution 
depends on both the value of A and the configuration of the participating field strengths. In order to 
study the supersymmetry of the p-brane solutions, we obtained Nester forms in lower dimensions 
using Kaluza-Klein dimensional reduction from D = 11. From the Nester form, we obtain the 
Bogomol'nyi matrix, whose zero eigenvalues correspond to the unbroken supersymmetries. In fact 
a p-brane solution is also characterised by the eigenvalues of its Bogomol'nyi matrix. As we descend 
through the dimensions, the number of field strengths grows rapidly, and, as a consequence, the 
number of inequivalent p-brane solutions proliferates. However, most of these solutions are non- 
supersymmetric, i.e. the corresponding Bogomol'nyi matrices have no zero eigenvalues. Although 
the solutions with some unbroken supersymmetry are of primary interest, we have also given a fairly 
exhaustive classification of the non-super symmetric solutions too. Specifically, we have presented all 
the inequivalent p-brane solutions using 4-form, 3-form and 2-form field strengths in all dimensions 
D > 4, and some examples of p-brane solutions using 1-form field strengths. For the supersymmetric 
solutions, on the other hand, we have exhaustively studied all field strengths in all dimensions > 4. 
The values of A for the supersymmetric p-brane solutions can be summarised as follows: 
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Table 2: Supersymmetric p-brane solutions 



Note that we present the the values of A in the dimensions where p-brane solutions using the 
indicated field strengths first arise. Supersymmetric solutions with the same values of A then 
occur in all lower dimensions. Note also that in a lower dimension, higher-degree field strengths 
can be dualised to lower-degree field strengths. All these supersymmetric solutions have A = j*, 
where N is the number of field strengths participating in the solution. The number of different 
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values of A increases as the degree of the participating field strength decreases. The Page charges 
for all these fields are equal in each given supersymmetric solution; denoting this value by P, we 
find that it is related to the mass per unit volume m by 

J = N. (7.1) 

The supersymmetric p-brane solutions with A = 4, 2 and | preserve \, \ and \ of the D = 11 
supersymmetry respectively. The eigenvalues of their Bogomol'nyi matrices are 2m{0i6,li6}, 
m{08,li6,2g} and |m{04, 112, 2i2, 34}. For A = 1, there are two inequivalent supersymmetry 
breaking patterns, which we distinguish by writing them as A = 1 and A = 1'. Both the solution 
in D = 4 using 2-forms and the solution in D = 6 using 1-forms, i.e. A = 1', preserve | of the 
supersymmetry, and the eigenvalues are mjCU, 124,24}. On the other hand, the solution in D = 4 
using 1-forms, i.e. A = 1, has eigenvalues ^m{02, Is, 2i2, 3s, 42} and hence preserves jq of the super- 
symmetry. The remaining three cases, with A = |, | and | for 1-forms in D = 4, all preserve ^ of 
the supersymmetry, and have eigenvalues equal to |m{02, I2, ^12, ^12,^2, §2}, \m{®2, 2q, 3i6, 4g, 62} 
and |m{02, 3i4, 4i 4 , 7 2 } respectively. It is worth remarking also that in the cases of A = 4, 2, § and 
1, the eigenvalues of the Bogomol'nyi matrices, and hence the supersymmetries, are independent 
of the signs of the Page charges. On the other hand, in the cases of A = 1', |, | and |, there are 
two inequivalent sets of eigenvalues depending on the signs of the Page charges, one of which (the 
one we have presented) includes zero eigenvalues, whilst the other does not. 

The above supersymmetric p-branes are either purely elementary or purely solitonic, or else 
mixed dyonic of the first type. The characteristic feature of these solutions is that each participating 
field strength has either elementary or solitonic (but not both) contributions. For the 3-forms 
in D = 6 and 2-forms in D = 4, we can also construct dyonic solutions of the second type, 
where the canonical field strength has both elementary and solitonic contributions, and hence each 
participating field strength has the same ratio of electric and magnetic Page charges. In D = 6, the 
supersymmetric dyonic string preserves \ of the supersymmetry for generic non-vanishing electric 
and magnetic charges. The mass per unit length is the sum of the electric and magnetic charges. 
When one of the Page charges is set to zero, the solution reduces to the purely elementary or 
purely solitonic solution. When the two Page charges are equal, the solution reduces to the self- 
dual string in D = 6 self-dual supergravity. On the other hand, when the two Page charges 
are equal and opposite, the solution, although anti-self-dual, does not reduce to the anti-self-dual 
string in anti-self-dual D = 6 supergravity, but instead gives rise to a massless string, however 
with a Bogomol'nyi matrix of indefinite signature. Dyonic solutions of the second type also arise 
in D = 4. The solutions are supersymmetric for A = 1 and 2. For A = 1, the solution preserves 
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2 of the supersymmetry; for A = 2, it gives rise to a massless black hole that preserves \ of the 
supersymmetry. 

Appendix 

In this appendix, we present the complete bosonic Lagrangian for maximal supergravity in D 
dimensions, obtained by dimensional reduction from D = 11. Thus starting from the Lagrangian 
(|2.9j) , we apply the reduction procedure described in section 2, leading to 

C = e R-^e(d^ 2 -^ee &$ F!-^eY,e^Hn) 2 -hT,^' $ ( F 2) 2 

i i<j 

-bYs^hnf-h J2 e^HFff-leY^e^H^f + ^FA, (A.l) 

i i<j<k i<j 



where the dilaton vectors are defined by ( |2.6| ) and C FFA is coming from the F4 A F4 A ^3 term in 
the D = 11 Lagrangian. We shall discuss this term presently. 

First we discuss the Chern-Simons modifications to the various field strengths appearing in 
(A.l). The Kaluza-Klein reduction of an n-form potential A n from D + 1 to D dimensions is given 



by A n = A n + A n _\ A dz, and so the 3-form potential of D = 11 supergravity, when reduced to D 
dimensions, is given by 

A 3 = A 3 + A\ A dz 1 - \A l l A dz { A dz j - lA^dz 1 A dz j A dz k . (A.2) 

Taking the exterior derivative, we have 

F A = F A + Fl A dz i - \F% A dz 1 A dz ] - \F[ jk A dz 1 A dz j A dz k , (A.3) 

where F 4 = dA 3 , F\ 3 = dA l ( and F[ 3 = dA l £ k are the unmodified field strengths. In order to adapt 



the expansion ( A.3 ) to the vielbein basis, we re-express dz 1 in terms of h 1 = dz 1 + A\ + A^dz 3 , 
which is the subsequent dimensional reduction of the term [dz 1 + A\ ) arising in the Kaluza-Klein 
vielbein ansatz at the i'th step of the reduction process. Since the sum in the last term is only over 
j > i, it is easy to solve iteratively for dz 1 , giving 

dz* = (6 U - 4f + A^Ai 1 - Al 3 Ai k A k Q e + ---)(h e - A[) , 

= [{l+AoT x f{h l -A{) (A.4) 
= f^-Ai). 

Since the 0-form potentials Aq are defined only for i < j, i.e. Aq = for i > j, it follows that the 
binomial expansion of [(1 +.Ao) -1 ]^ terminates with the power (Aq) 10 ~ d in D dimensions. Also, 
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we have ^ = for i > j and j v = 1 for i = j. Thus the 11-dimensional 4- form field strength 



( A, 3 ) can be rewritten as 

F 4 = F 4 + Fl Ah 1 - \F$ Ah 1 A h? - \F{ jk Ah 1 A h? A h k , (A.5) 
where the Chern-Simons modified field strengths, denoted by untilded symbols, are given by 
Fi 



if 

rpijk 



h - A A{ - ^ ik J ji F* j AA k A A{ + if^m^knpij k A /\ J\™ /\ J\™ , 

ryjipi _ y* 7 «ptf* A A[ - i 7 ^ 7 fcm 7 fc F/ M A A™ A A™ , 

^li^rnj „nk fplmn 

7 7 J 7 fj 



These modified field strengths are the ones that appear in the kinetic terms in the Lagrangian (A.l). 
Similarly, the Chern-Simons modifications to the 2-forms and 1-forms coming from the vielbein are 
given by 



T\ - i jk T\ 3 ' A At , 



(A.7) 



where again the tildes denote the unmodified field strengths; T\ = dA\, J\ = cL4q . Note that all 
the Chern-Simons modifications become much simpler if the 0-form potentials Aq from the vielbein 
vanish, since then is simply 5 lJ . 

Let us now consider the dimensional reduction of the -F4A-F4AJ43 term in the D = 11 Lagrangian. 
Since this term is constructed without the use of the metric or vielbein, its dimensional reduction 
is written in terms of the unmodified field strengths F4, F^, F^ and F^ . Thus from ( |A.2| ) and 
(A. 3) we find that the term C FFA is dimensionally reduced to 
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In the p-brane solutions that we are considering in this paper, the contributions that these terms 
give to the field equations will always be required to be zero. This leads to the constraints ( |2.11 ) 
discussed in section 2. 
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